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CONCENTRATIONS IN KINETIC TRANSPORT EQUATIONS AND 

HYPOELLIPTICITY 

DIOGO ARSENIO AND LAURE SAINT-RAYMOND 



Abstract. We establish improved hypoelliptic estimates on the solutions of ki- 
netic transport equations, using a suitable decomposition of the phase space. Our 
^..^ main result shows that the relative compactness in all variables of a bounded fam- 

C^ ily f,\{x,v) G LP satisfying some appropriate transport relation 

2 t;-Vx/A = (l-A,)^(l-A„)^?A 

f^ may be inferred solely from its compactness in v. 

I This method is introduced as an alternative to the lack of known suitable av- 

eraging lemmas in L^ when the right-hand side of the transport equation has very 

I I low regularity, due to an external force field for instance. In a forthcoming work, 

P^ the authors make a crucial application of this new approach to the study of the 

.^^ hydrodynamic limit of the Boltzmann equation with a rough force field 14J. 

J5 Our main objective in this paper is to obtain strong compactness on the mo- 

^ ments of the solutions to some kinetic transport equation with rough source terms : 

^ Typically we are interested in the transport in some LP force field F such as gravity 

t^^ or electrostatic force, for w^hich characteristics are not even defined 

This problem has been investigated by a number of authors : the first section 
^^ of the present paper attempts to present the different methods which have been 

^^ used. The specificity of our approach is to deal with distributions / having little 

y—^ integrability, ideally we would like to consider L^ functions. Our main results 

L| are given in the second section, they however do not recover the L^ limiting case. 

Actually, in that case, we are not even able to state a conjecture regarding strong 
compactness. Examples and counteramples are given in the last section to en- 
lighten the difficulty. 

The results we establish here are particularly convenient for the study of hy- 
drodynamic limits of the Boltzmann equation, insofar as the density fluctuation 
is known to be a little bit regular with respect to the velocity variable v, while the 
source term Q in the transport equation is not better than L^ and the force field F is 
typically in L^. We will therefore give in a forthcoming paper [4] a derivation of the 
Navier-Stokes equations with external (possibly self-induced) force field from the 
Boltzmann equation. We further point out that our results include the averaging 
lemmas that are needed both for cutoff and non-cutoff cross sections. 
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1. State of the art 

1.1. Classical averaging theory. The main idea behind velocity averaging lemma 
is that the symbol of the free transport is essentially elliptic, and more precisely 
that it is elliptic outside from a small zone of the velocity space which provides 
small contributions to averages. 

Basic results due to Agoshkov [IJ and Golse, Lions, Perthame and Sentis ||T31 
are then proved using the Fourier transform in L^ and some classical interpolation 
arguments. 

Theorem 1.1 {fT3\). Letl <p < +oo, andf,g e U{dxdv) be such that 

V ■ Vx/ = g ■ 

Then, for all (pe C~ (R°), 



ff dv 
zviths = inf(l/p, 1/p'). 



W^'P{dx] 



< C((p) [\\f\\LP{dxdv) + \\g\\LP{dxdv)) / 



A first extension can be obtained using some generalization of the Fourier trans- 
form, namely some dyadic decomposition, referred to as Littlewood-Paley de- 
composition. Besov spaces are then the natural functional spaces to express the 
gain of regularity : 



(1.1) 



b:,'P = {f e S' : {2'^\\Ajf\\^^)el'^m} 



where A, is some localization in Fourier space at frequencies of order 2^. 

These techniques, going back to DiPema, Lions and Meyer f]T| and refined 
by Bezard [ZJ, allow to account for source terms involving derivatives in v and 
fractional derivatives in x. 

Theorem 1.2 (lUll). Let 1 < p < land f,g E U{dxdv) he such that 



i'-V,/=(l-A,)^/2(l-A„) 



m/2. 



for some m e 1R+, x G [0, 1 [. 
Then, for all cpe C~ (]R°), 



f(p dv 



<C 



f{^{dx) 



{<P) [\\f\\LP{dxdv) + \\s\\LP{dxdv)) ' 



with s = (1 — t)/p(1 +?«). 

Actually one can prove a slightly more precise result with Sobolev spaces in- 
stead of Besov spaces (see 17|) : the method remains essentially the same but uses 
a refined interpolation argument involving Hardy spaces instead of L^ . 

1.2. Characteristics and dispersion. Another crucial property of the free trans- 
port is the propagation along characteristics 

X{t,x,v) = X — tv, V{t,x,v)=v, 

responsible in particular for the dispersive behavior of the solutions. By "disper- 
sive", we mean here 
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(i) a global effect, related to the fact that mass goes to infinity, and leading to 

some Strichartz estimates; 
(ii) a local effect giving some gain of integrability which can be seen as a local 

smoothing property; 
(iii) a mixing property, expressing a kind of duality between x and v variables. 

All these properties are of course connected, but they do not have the same stabil- 
ity with respect to perturbations (change of spatial domain, introduction of force 
fields, . . . ). For instance (i) cannot hold in bounded domains. 

A systematic study of these dispersive behaviors in non flat geometries has been 
carried out in [21J. For our purpose, we will retain only two important features. 

The mixing property (iii) is the crucial tool w^hich allows to establish L^ aver- 
aging lemma under the one and only assumption of integrability with respect to v 
variables. 

Theorem 1.3 (JHI). Let {jx) and (g,\) he hounded families ofL^{dxdv) such that (fx) 
is locally equiintegrahle with respect to v and 

^ ■ V;,/a = gA ■ 

Then, for all (pe C~ (M'^), 

f\(p dv j is relatively strongly compact in L\^^{dx) . 

The proof is based on averaging lemma in weakly compact subsets of L^ flS], 
together with the Dunford-Pettis criterion giving the weak compactness of equi- 
integrahle families. Getting this equiintegrability relies on some duality method, 
coupled with the dispersion inequality established by Castella and Perthame flO^ 

(1-2) ll/o(^''^)llL~(d:c,Ll(rf^)) - ^" \\k\\L\dx,L°^{dv)) ■ 

A generalization can be obtained for transport in some smooth force field, pro- 
vided that characteristics can be locally defined and have the same local mixing 
property. 

Theorem 1.4 (QSl). Let F e L^D W'^''"{dx) he some given force field. Let (/a) and (g^) 
he hounded families ofL^{dxdv) such that [f^) is locally equiintegrahle with respect to v 
and 

V ■ V;,/a + F ■ V„/a = gx . 

Then, for all cpe C~ (R°), 

/a<j? dv J is relatively strongly compact in L^^^{dx) . 



In the case when there is no regularity on the force field, combining the mix- 
ing property and some suitable dyadic decomposition, Nader Masmoudi and the 
first author have obtained in 1 2, 3 J an averaging result assuming that the equiin- 
tegrability in V can be quantified in some Besov space (which, in particular, is a 
subspace of the local Hardy space). 
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Theorem 1.5 (||2l|3l). Let {fx) and (gx) be bounded families of O {dxdv) such that (fx) 
is nonnegative, uniformly bounded in L^ ( dx, BJ j (dv) j and 

^ ■ Vx/a = (1 - ^v^gA for some 7 e IR . 

Then (fx) is equiintegrable (with respect to all variables). In particular, ifv ■ V^/a + 
F ■ \Jvf\ = g\for some force field F e L"^ {dx), then, for all cp E C^ (IR^), 

fx(pdv J is relatively strongly compact in L^^^{dx) . 



Integration along characteristics has been also used in other ways, for instance 

- by Lions and Perthame 1191 to obtain a suitable representation oip{t,x) = J f{t, x, v) dv 
and deduce some regularity on the electric field of the Vlasov-Poisson equation; 

- by Jabin and Vega 1181 ; 

- by Berthelin and Junca fH to get L^ averaging lemma with optimal regularity in 
smooth force fields. 

1.3. Hypoellipticity and global regularity. Another way to express the duality 
between x and v variables is referred to as hypoellipticity, and can be formulated 
in terms of commutators 

[^^■V.,,V-,] =v.,. 
We then expect the regularity with respect to v to be transferred on x. 

The systematic study of hypoelliptic operators goes back to Hormander IITTI , 
who considered in particular the kinetic Fokker-Planck equation. The approach 
based on commutator identities has then been developed by Rotschild and Stein 
EDI. 



Theorem 1.6 (I|20|). Letf,g E L^{dtdxdv) be such that 

dtf + v-V4-Avf = g. 
Then, 



|a./1Il2 



(dtdxdv) 



*■ ^•''^ f i2m^^^^)-'^\}f\\l^^(dtdxdv) + \\s\\L-^{dtdxdv)) ■ 



A more general statement regarding the global regularity of the solutions to 
transport equations has been obtained by Bouchut [8J. 

Theorem 1.7 (fig]). Letf,g e L^{dxdv) be such that 



and 



V ■ Vxf -Avf = g 



(_A^)max(/5,7)/2|, {-A^y'^g £ L^{dxdv) 



with 7 > and < 1 - 7 < ^. 
Then, 



{-A,Y'^f\^^ < C (||(-A,)-^'<(^''^)/V||^, + ||(-A„)'^/2^||^J , 



withs = P/{1 -7 + /3). 
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Such techniques are not easy to extend to the L context because of the lack of 
L^ continuity of pseudodifferential operators of order 0. Furthermore, they do not 
allow to account for derivatives in v, except for elliptic terms such as Aj,/. 

2. Main results 

In this work, we intend to use a combination of the various techniques pre- 
sented above in order to improve the compactness statement for rough source 
terms and distributions with little uitegrability 

2.1. Transfer of compactness in U. Recall that, for any 1 < p < oo, the Riesz- 
Frechet-Kolmogorov compactness criterion (see ||9l[26l) asserts that a family [fx {x, 'v)}^^^^ C 
LP (]R^ X ]R^) is relatively compact in the strong topology of U if and only if 

(i) it is uniformly bounded, i.e. sup;^^^ \\f\ || j^p < oo, 
(ii) it is uniformly norm-continuous, i.e. 

(2.1) limsup sup \\fx{x + h,v + l) - fx{x,v)\\j^p =0, 

^^'^ \eh\h\+\l\<5 



= 0. 

LP 



(iii) it is tight, i.e. limR_,oo sup;^g^ /a1{|x|+|z;|>r} 

Furthermore, if the tightness of the bounded family is not known to hold, it is 
still possible to deduce its local relative compactness, i.e. the relative compact- 
ness of the family in V (K) for any compact subset K C IR^ x R^, from the mere 
knowledge of | |2.1[ |. Thus, it is precisely condition 1 2.1 1 that guarantees that oscil- 



lations and concentrations cannot happen and we say in this case that the f^'s are 
locally relatively compact. This motivates the following definition. 

Definition. For any 1 < p < oo, abounded family {/^(x,??)}^^^ C LP (]R(? x ]R.^) 
is said to be locally relatively compact in v if and only if it satisfies 

(2.2) limsup sup \\fx{x,v + 1) - fxix,v)\\^p =0. 

Our main result is the following transfer of compactness in LP for 1 < p < +oo. 

Theorem 2.1. Let the bounded family {/a(^/^)}a6A '^ ^^ i^? ^ ^v)'fa^ some 1 < 
p < oo,be locally relatively compact in v and such that 

(2.3) V ■ V^fx{x,v) = (1 - A;,) 2 (1 - A-o)i gA{x,v), 

for all \ & A and for some bounded family {gx{x,v)}^^jy c LP (]R^ x IR^), where 
a.>OandO < ^ <1. 

Then, the collection {/A(^/^)}AeA '^ locally relatively compact in LP (R^ x R^) (in 
all variables). 

As an easy consequence of this result, we obtain a criterion of non-concentration 
in LP. 

Corollary 2.2. Let {\fx{x,v)\P};^^j^ (with 1 <p < oo) be a bounded family of L^ (R° x R^), 
locally relatively compact in v and such that 

(2.4) V ■ Vx/a {x, v) is uniformly bounded in LP (R°, W'^'P (R° ) ) for some k>0. 

Then, the collection {\fx{x,v)\P}^^j^is locally uniformly equiintegrable (with respect 
to all variables). 
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Note that this is not really the transfer of equiintegrability we would like to 



establish by analogy with Theorem 1.3 As we will see in the last section, there is 
actually an obstruction for such a transfer of weak L^ compactness. 

Regarding the transfer of strong L^ compactness, we have no result at the present 
time : our proof w^hich is based on Fourier multipliers estimates fails in L^, and we 
have not found - for the moment - any alternative to investigate that case. 



2.2. Strategy of the proof. The proof of theorem 2.1 is contained in section 3.5 
The argument we will use to establish LP compactness is rather simple insofar 
as it does not involve neither dyadic decompositions and complicated functional 
spaces, such as Besov spaces defined with such a decomposition, nor interpolation 
between functional spaces. 

It is based on an explicit decomposition which relies on a good understanding 
of the properties of the transport operator at the microlocal level. More precisely, 
we will identify two different behaviors of the transport operator, namely an ellip- 
tic component with regularizing properties, and an hypoelliptic component with 
mixing properties. 

The main technical tool is the theory of Fourier multipliers that we will recall 
briefly in the next section. 

3. Hypoellipticity and ellipticity in LP 

We will employ the standard notation (z) = ( 1 + |z| ] , valid for any vector 
z in any Euclidean space of any dimension. As usual, we will use indices to em- 
phasize specific dependences of constants and will denote generic constants that 
depend solely on fixed parameters by C. 

Sections 



3.1 3.2 and |3. 3 1 are a preparation to the main theorems presented in 
sections l3.4l and T3.5l 

3.1. Fourier multipliers. Since we are going to deal with functions of two D- 
dimensional variables, namely the space x G R^ and velocity v G R^ vari- 
ables, we wish to clarify now the notation on Fourier analysis that we will em- 
ploy. Firstly, we will systematically denote by // G IR*^ and ^ G IR^ the respective 
dual variables of x G IR^ and v G IR^. The Fourier transform in all variables 
of / G 5 (R^ X R^) (where S denotes the Schwartz space of rapidly decaying 
functions) is defined by 

(3.1) Tf{fi,0= [ e-'^''-'1+''-^U{x,v)dxdv 
and its inverse is given by 

(3.2) f{x, v) = F-'Ff{x, v) = -^ / £'■(-'/+-?) .F/(;?, d^d^. 

We will sometimes use the Fourier transforms with respect to x or c only. It this 
case, we will utilize the obvious notations J-x, ^x > -^v and J-y ■ For convenience, 
we will also employ / to denote the Fourier transform when no ambiguity with 
respect to the use of variables is to be feared. 

We recall now the definition of Fourier multipliers and some of their basic 
facts. The reader may also consult 151 [16] for a clear treatment of the subject. A 
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tempered distribution p{T],^) G S' (iR? x IRp ) is called a Fourier multiplier on 
LP (]R^ X M^), for some 1 < p < oo, if the mapping 

(3.3) f{x,v) ^ f-^^V) */(^.^) = J^~^pJ^f{x,v), 

well-defined for all / e 5 (R^ x M^), can be extended into a bounded opera- 
tor over V (]R^ x IR^). The Banach space of Fourier multipliers is denoted by 

MP ( IR?" X R^ j and is endowed with the norm 



(3.4) 



\P\\mi' 



sup 

11/11 LP =1 



^-v */ 



w 



which is merely the operator norm of the mapping ( |3.3) . 

It is well-known (see [5J) that the Fourier multiplier norms are invariant with 
respect to bijective affine transformations. That is, considering any affine trans- 
formation a : ]R° X ]R^ H^ M^ X ]R°, it holds that |||D («(;?, 0)IImp = IIP ('?'?) IImp 
provided a is bijective. In particular, this includes all the dilations, even the coor- 
dinatewise dilations, and the rotations. This invariance proves to be a very handy 
tool w^hen dealing with Fourier multipliers. 

It turns out that it is fairly easy to obtain the relations 

(3.5) MP = MP' and J^M = M^ C MP C M^ = L~, for alll < p < oo, 

where M. denotes the space of bounded Borel regular measures. However, further 
characterizing MP for p ^ \,1,<xi proves to be a much more difficult task. For- 
tunately, we have the following theorem, which comprises important tools from 
Fourier analysis that are commonly used to establish the boundedness of multipli- 
ers. 



Theorem 3.1 (Multiplier theorem). Let m{t]) : R^ 
Mikhlin criterion 



R be such that the Hormander- 



(3.6) 



E sup ^ 



-D 



^ ^0<R<co JR<\yi\<2R 

is satisfied, or such that the Marcinkiewicz-Mikhlin criterion 



\ri\^d'lm{ri) drj < A 



(3.7) 



is satisfied. 



E sup 



<3>('/) 



< A 



Then, for all 1 < p < oo, the function m{ri) is a Fourier multiplier over LP (R ), i-S- 
m{r]) e MP (R^) , and satisfies 

(3.8) \\m{r])\\f^p<CpA, 

where C^ > is a finite constant that only depends on p. 



The sufficiency of the Hormander-Mikhlin condition 1 3.6 1 was shown in [16 1, 
while an even weaker version of the Marcinkiewicz-Mikhlin condition ( |3.7^ is to 
be found in [22, p. 109, Theorem 6']. 

Notice that the Hormander-Mikhlin and the Marcinkiewicz-Mikhlin criteria in 
the above theorem are neither inclusive nor disjoint. In the sequel, we will make 
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critical use of the Marcinkiewicz-Mikhlin condition because it allows for relatively 
nasty behavior of the multiplier near the coordinate axes. 

3.2. Relative strong compactness in Lebesgue spaces. We have the following 
convenient characterization of local relative compactness in the Fourier space. 

Proposition 3.2. Let 1 < p < oo and consider a fixed truncation x{r) G C~ (IR), such 
that l{|,|<i} < X{r) < l{|r|<i}' say. 

Then, a bounded family {f;^ {x, 5?)};^gy^ C LP (R^ x ]R^) is locally relatively compact 
if and only if 



(3.9) 



lim sup 



R-S-oo 



AeA 



^-H^-x) 



R 



J^fx{x,v) 



0. 



LP(rDxRO) 



Furthermore, it is locally relatively compact in v if and only if 



(3.10) 



lim 

R->oo 



sup 

aga 



K\^-X)(^^^^vfdx,v 



LP (rDxIRD) 



0. 



Proof. We will only show that the local relative compactness in v is equivalent to 
| |3.10| . It will be clear from our rather standard arguments that the equivalence 
between local relative compactness in all variables and | |3.9^ holds true. 

Thus, we first suppose that the fix's are locally relatively compact in v and we 

estimate, for any approximate identity ps{l) = ~xdP \\]i where ^ > and p e 

C^ (IR^) is non-negative, supported in the unit ball, and such that f^^o p dl = \, 

r P 

\Ps*vf\{x,v)- fix{x,v)\^ 



(3.11) 



< 



j^^{f\{x,v-l)- fix{x,v))ps{l) dl 
j^Jfix{x,v-l)-fix{x,v)\Pps{l)dl 



Consequently, integrating in all variables, we deduce 

(3.12) limsup |||D^ *i,/a -/aII^p < limsupsup ||/a(x,i; + /) -/a(x,z^ 



(5^0 



<5-j>0; 



I LP 



0. 



'AeA °^'^agA|;|<^ 

Thus, we only have to show that | |3.10^ holds for the velocity regularizations ps*v 
fix for fixed ^ > 0, which is easily performed recalling that J-y [ps *v fix) (?) = 
p [6^) J'vf\{^) and then noticing that the multiplier norm satisfies 

'^'^^^^^^ -M^-x)m)p{m)\\Mv{^^) 



(3.13) 



(1-X)( 



R 



pm 



< 



MP (rd ) 

j'-:f'[ii-x)m)Pim)] 



Ll(RD) 



0, 



as K ^ 0, 



for S is fixed and p decays rapidly. This conclude the proof of the necessity of 
1 310) . 

In order to demonstrate its sufficiency, we suppose that the f\'s satisfy | |3.10[ l, 
from which we infer that the mollifications in velocity ps *v f\, w^here p{^) = 
7(;(|?|), constitute uniform approximations of the f\'s for small values oi 6 > Q. 
It is then enough to notice, for any fixed 6 > Q, that these velocity regularizations 
are locally relatively compact in v because p is rapidly decaying. This concludes 
the justification of the proposition. D 
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Notice that, when p = 2 in the preceding proposition, one may replace the 
cutoff function xi^) by the characteristic function lr_i^i(r) without changing its 

statement. This is a straightforward consequence of the equivalence M^ = L°° , 
which follows from Plancherel's theorem. When p 7^ 2, this is plainly wrong in 
view of Fefferman's multiplier result for the ball [12] (even though it would still 
be true for certain classes of characteristic functions). Thus, in the L?- setting of 
section 3.4 we will utilize proposition |3.2| with characteristic functions for sim- 



plicity, while we will stick to mollified characteristic functions when dealing with 



the general V setting of section 3.5 



3.3. Hypoellipticity via transport of frequencies. We wish now to explain how 
the mechanism of hypoellipticity in the transport equation can be interpreted via 
the transport of frequencies. Even though this remains rather elementary, its un- 
derstanding provides the key to the proofs of the main results below and gives a 
very explicit picture of the transfer mechanisms driving hypoellipticity in kinetic 
transport equations. 

Thus, let us suppose that, for suitable collections {/aIaga ^^d {gx}\^\, 

(3.14) V ■ V,Mx,v) = (1 - A;,) 2 (1 - A-,)i g;,{x,v). 

Then, introducing an interpolation parameter i > 0, it trivially holds that 

(3 15) Udt+v- V,) /a = (1 - A.,)2 (1 - A,)z ^A, 

Hence the interpolation formula, for any f > 0, 

(3.16) /a {x,v)=f;,{x-tv,v) + J {l-A^)^{l-A-,f^ gA {x - sv, v) ds, 

which is merely Duhamel's representation formula for the linear equation |3.15^. 



The use of this representation formula is a key idea in order to understand the 
transfer phenomena in kinetic transport equations (see ll2ll3l lT4l ). 

It is the analysis of an analog representation formula in Fourier variables that 
provides us with the main tool for understanding hypoellipticity. Thus, it is read- 
ily seen that, when expressing the transport equation ( |3.14[ in Fourier variables, 
one obtains the dual transport equation 

(3.17) rj ■ V^J'hir],^) = - {vf {^T Fg,{n,^). 

In particular, the interpolation formula | |3.16[ l is still valid for the above transport 
relation, which yields, for any t > 0, 



(3.18) 



Ffdn,^) = Ff^{n,^-iv)- [ {Vf {?-svr:Fg^{f],^-srj) ds. 



Notice that it is possible to let the parameter t depend on the Fourier variables 
rj and ^, and even on other parameters such as the physical variables x and v, 
since these are fixed for the moment. Consequently, applying the inverse Fourier 
transform and using elementary changes of variables, we deduce the general rep- 
resentation formula 

J^~^p{x, V, M], l)Tjx {x, '") = T~^e'^'''^f{x, v,Ti,^ + tt])J^fx{x, v) 

(3-19) /■! 

^-ie'^'"-'?p(x, v,ri,^ + stii)t (j/)^ (^)'^ TgA{x,v) ds, 



10 
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k 



-K 



^ {\rj\ > R, \^\ < K} 




-tR + K 



{\t]\ >R, \^+tf]\ < 



Figure 1 . H5^oellipticity via the transport of frequencies. 



for any appropriate symbol p{x,v,rj,^). Again, we insist that, in the above for- 
mula, the parameter t may be a function of all the physical and the Fourier vari- 
ables, i.e. t = t{x,v,t],^). This suggests that the use of the theory of pseudo- 
differential operators (see [23 , 24 , 25 1, for instance) will be necessary. Fortunately, 
the specific structure of the symbols we will utilize will allow us to treat them more 
simply as multipliers with the standard theorems from Fourier analysis, already 
presented in section ISTlwhich will yield sharper results. 

The above formula 1 3.19| is at the heart of our results as it efficiently embodies 
hypoellipticity Indeed, supposing for simplicity that the symbol p(t],^) only de- 
pends on the Fourier variables, and that it is supported inside {\r]\ > R, \^\ < K}, 
for large values oi R,K > 0, then it is obvious that p{rj,l, + trj) is supported in- 
side {\rj\> R, ^ + tr]\ < K}. Since |^| > t\rj\ — \^ + tf]\, we deduce, as illustrated 
by the figure IT that p{t],^ + trj) is then supported inside {|^| > tR — K}, which 
includes solely large values of f for suitable choices of parameters t, R and K. 

Consequently, we see that the control of large space frequencies, i.e. large values 
of t], may be deduced from the behavior of large velocity frequencies, i.e. large 
values of ^. This transfer is precisely the expression of hypoellipticity in the kinetic 
transport operator. 



3.4. Transfer of compactness in L^. Before presenting our general result on the 
transfer of compactness in the Lf setting, we analyse it in the much simpler and 
insightful L^ setting. Indeed, we find its proof quite illuminating on the transfer 
of compactness. 

Theorem 3.3. Let the bounded family {/A(^/^)}AeA '^ ^^ (^-? ^ ^?) ^^ locally rela- 
tively compact in v and such that 



(3.20) 



V ■ Vxfx{^,v) = (1 - ^x)^ (1 - Kygx{x,v), 
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for all \ E A and for some bounded family {g\{x,v)}^^j^ c L^ (M^ x IR^), where 
a > and < j6 < 1. Then, the collection {fx [x, v)}^^^^ is locally relatively compact in 
£2 (R^ X R^) (in all variables). 



Proof. In view of proposition 3.2 it is sufficient, in order to obtain the local relative 
strong compactness of the f\'s, to show that the L^ norm of 

(3-21) ^~ '^{\ri\>R or \S\>K}^f A' 

i.e. the high frequencies of f\, can be made arbitrarily small, uniformly in A G A, 
for suitably chosen generally large parameters R,K > 0. Since one clearly has the 
disjoint decomposition 

(3.22) {\V\>R or 1^1 >K} = {\^\>K}U{\ri\>R and |^| < K} , 

it is then enough to exhibit a uniformly small control, for large values of R > 1, of 
the L^ norm of 

(3-23) -^^ l{|)/|>Rand |f|<K(R)}-^/A/ 

where linriR^oo K{R) = oo, for th e lo cal relative compactness in v of the f\'s guar- 
antees, according to proposition 3.2 the uniform smallness of ^^^'^{\^\>K{R)}-^fA 
provided K{R) > is large enough. Specifically, we will set 

(3.24) K{R) = ^3'^RT^, 

where i5 > is a small fixed parameter to be determined. Notice that K{R) is 
increasing since a > and /5 < 1. In particular, for any given ^ > 0, we may 
always assume that K > 1 is so large that K{R) > 1. 

Thus, in virtue of the representation formula | |3.19) , we first obtain 

(3.252^ 

•^ l{|)/|>Rand |f|<K(R)}-^/A(^/^) = -^ s"''''l{|j/|>R and |f+t7|<K(R)}-^/A (^' ^) 

^ ^-ie-f-n{|^i>R ,,d \i+st^\<m)}^ ivf iO" J'gA{x,v) ds, 

1 1-/B 

where we set f = f (Iwl) = ^ = ^'+]R'+\ Notice 

I'll I'll 

(3.26) {|;?|>Kand|^ + f?/| < K{R)} c {K{R) < \^\ < 3K{R)} , 
so that, in particular, 

(3.27) l{|i?|>R and l^+h]l<K{R)} = '^{ltjl>R and l^+tijl<K{R)}'^{l^l>K{R)}- 

Furthermore, recalling a>0, j6 — 1 <0 and the definition | 3.24^ of K{R), we see 
that 

l{|;7|>Rand li+st,jl<K{R)}Hv) {^T ^ l{|;7|>Rand |(;|<3K(R)}2^(-R) -|-j- {^Y 

(3.28) ^ g 

< 1K{R) ^^ ^^ ' ' (l + 9K{Rf\ ' < 22-nOz^. 



L 
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p.25|, we deduce 
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L°° and incorporating { 3.27\ and ( 3.28) into 



(3.29) 



J-^1 



{|j/|>Rand \^\<K{R)}^f\i^''") 



L2(]RDx]RD) 



< 



■^ 1{|?|>-K(R)}-^/a 



L^(MOxKO) +2-^10^^ II^a!|,.(«o.^o) 
Therefore, recalling the disjoint decomposition | |3.22| , 



(3.30) 



J^-H 



{\ri\>R or |(^|>K(R)}-^/a(^'^) 



L2(RDx]RD-) 



< 



j^-H 



{|?I>k(r)}-^/a 



+ 2^""10^^II^a|Il2(rd,ko)- 



L2(]RDxRD) 

Hence, in virtue of the local relative compactness in velocity of the f\'s and since 
limR_^oo K{R) = 00, we infer 



(3.31) 



lim sup sup 

R->oo AeA 



T'H 



{|7|>Ror |f|>K(R)}-^/A(^/^) 



V-{vPy.vP) 



which, by the boundedness of the gx^, the arbitrariness of ^ > and proposition 



n02(5sUp||^A|lL2(RDxRD) 

aga ^ ' 



3.2 implies the relative compactness of the /a's in all variables, and thus concludes 
the proof of the theorem. D 

3.5. Proof of Theorem 2.1 We provide now a proof of the main theorem |2.1| by 
extending the above demonstration of theorem 3.3 to the LP setting, for any 1 < 

p < 00. 

Proof. In view of proposition |3.2} it is sufficient, in order to obtain the local relative 
strong compactness of the /a's, to show that the Lf norm of 



(3.32) 



J^-' 



1-X 



R r^\ K 



J'h, 



i.e. the high frequencies of f\, can be made arbitrarily small, uniformly in A £ A, 
for suitably chosen generally large parameters R,K > 0. Here, xi^) S C^ (IR) 
is a fixed truncation as used in the statement of proposition 372) i.e. it satisfies 



lru|<ii ^ x{^) ^ l{|r|<i}'Say. Since one clearly has the decomposition 



(3.33) 



■^iTjnl 



(1-^) 



+ (i-a) 



R 



X 



it is then enough to exhibit a uniformly small control, for large values of K > 1, of 
the LP norm of 



(3.34) 



:f-\i-x) 



"^.(J§L)^/. 



R 



where limR_!.oo ^(^) = o^/ for t he lo cal relative compactness in v of the /a's guar 

the uniform smallness of J-^^^ fl 



antees, according to proposition 3.2 

provided K(R) > is large enough. As previously, we will set 

(3.35) K{R) 



^) (^j -^/a 



-(5i+«Ri+«, 
2 
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where ^ > is a small fixed parameter to be determined, and R > 1 is so large 
thatX(i^) >1. 

We wish now to pursue the present proof by mimicking the arguments found 

in the L^ setting, that is, using the hypoellip- 



3.3 



in the demonstration of theorem 

ticity of the transport operator v ■ V-c, which, we feel, is best expressed through the 



transport of frequencies as explained in section 3.3 and, in particular, through the 
representation formula | |3.19) . The difficulty here lies in the fact that, when p y^ 2, 
the regularity of Fourier multipliers over LP becomes significant, as explained in 
3.1 an this is problematic in the treatment of formula 1 3.19) . Indeed, the 



section 



terms e^^ and e"^^'^'''1 in | |3.19[ l may be rapidly oscillating, and thus have uncon- 
trolled derivatives, w^hen tv ■ rj is large. In order to circumvent this difficulty, we 
introduce now, for any fixed velocity v G R^, a further decomposition of space 
frequencies into 



(3.36) R° = |;? e ]R° : t\v ■ r]\ < l\\J L e'R^ : t\v-t]\>L\, 

hypoelliptic elliptic 



where L > 1 is a typically large parameter to be chosen later on. Thus, on the first 
domain of the above splitting, we will be able to carry out our arguments using 
the hypoellipticity in space and velocity, while, on the second domain, we will 
prefer to use the elliptic properties in space of the transport operator, as seen in 
standard velocity averaging lemmas. Eventually, the contribution from the elliptic 
part will be treated as an arbitrarily small perturbation for large L. As usual, the 
use of a smooth partition of the unity will be more appropriate than characteristic 
functions of the sets found in 13.36). 



Hypoelliptic control. We first deal with the term stemming from the hypoelliptic 
part in the decomposition 1 3.36) . 



Thus, we want to use the representation formula 1 3.19) with 



,3,3,, K..,..^.(S5)^)„-.,(M),(ia.) 



/, IN 2K(R) 
and t = t{\i^\) = —\^, 



where K[R) has been defined in 1 3.35) . With this specific choice, the representation 
formula | |3.19[ l may be recast as 



(3.38) rl 
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i2K{R]v^ fK{R)v-t] 



where the multipliers are defined by 

nil {'V,V) 
miirj,^) = {l-x) 



\V\ 



(3.39) 



e Mx 



X 



K{R) 
fK{R)v-t] 



+ 2-, 



\ i- 



X 



\v\ 



KiR) 



■s2 



2^W^(?>^ 



It should be emphasized that, considering the velocity Z7 as a fixed parameter, nti 
and OT3 may indeed be regarded as well-defined multipliers on the space variable 
X only, rather than symbols of more general pseudo-differential operators. This 
will allow us to control the induced operators with standard Fourier multiplier 
theorems, thus yielding a sharper control on their operator norms. In particular, 
we will obtain bounds that do not depend on v, which would not be possible with 
the standard theorems from the theory of pseudo-differential operators. 

It is shown in lemmas 3.4 and 3.5 that the operators generated by the above 
Fourier multipliers are bounded with a uniform control on the norms. Further- 
more, notice that, on the support of m2{r], ^), it holds 



(3.40) 

hence 
(3.41) 



^ + 2KiR) 



V 



<i<C(R)sothat|^| >K{R), 



7^2 (//,?) =m2{ri,^){l-x) 



|g| \ 
K{R)J 



On the whole, incorporating 13.41 1 into | 3.38[ and exploiting the uniform bounds 
from lemmas 13 .41 and 13 . 51 we arrive at the estimate 



(3.42) 



:f-'x 



<Q 



K{R)v-f] 



(L^ 



1 



a-.)(^).(J§y) 



Tfx{x,v) 



T 



"'(l-x)( 



K(R) 



^fx 



+ 5\ 



LP 



LP (rDxRO) 



: All LP 



for some finite constant Cp > depending on p but independent of R, K{R), 3 and 

L. 

Elliptic control. Now, we treat the term stemming from the elliptic part in the 

decomposition | 3.36| . 

We will show that the LP norm of 



(3.43) 



T-Ul 



.)(my)a-.) 



X 






-^/a 



is uniformly small provided L is sufficiently large, independently of R and S. This 
part of the proof does not use the assumption that the f\'s are relatively compact 
in c. In fact, the above expression may be regarded as a remainder. The main idea 
consists in inverting the transport operator v ■ 'Vx, which is only possible because 
we have restricted the space frequencies to where v ■ tj is not too small. 
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Thus, expressing v ■ ;^e'(^'?+"'?) = —irj ■ V^e'^^''"'""''), we obtain 
(3.44) 

Therefore, a mere integration by parts combined with the transport relation 1 3.17) 
yields 



L K{R)v-f]' '"■' \ L \r] 



\nV\ v^> ( |g| \ 






(>-)(^)K^)^(«)|f«>"^^- 



which may be recast as 



.-.,_„(mi_2),_„(M),(A).,, 



(3.46) i^-V(z;,,;) (m5(;/) ■m6(^))^/A 






where the multipliers are defined by 






(3.47) ;„7(;^) = (l_^)^^ 

-8(?)=x(J§y)^, 

Again, considering the velocity z; as a fixed parameter, 7«g may indeed be regarded 
as a well-defined multiplier on the space variable x only, rather than a symbol of 
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a more general pseudo-differential operator. This will allow us to control the in- 
duced operator with standard Fourier multiplier theorems, thus yielding a sharper 
control (independent of v) on its operator norm. 

I and |3.7| that the operators generated by the above 



It is shown in lemmas 3.4 3.6 



Fourier multipliers are bounded with a uniform control on the norms. Therefore, 
exploiting these bounds and recalling from (3.351 the definition of K{R), we de- 
duce from < |3.46^ that 
(3.48) 



^-H^-x){T'^)i^-.)mx(M-.)^M'.'-) 



\v\ 



R 



\K{R) 



LP(RDxRD^ 



<^(II/aIIo' + ^II^a|Ilp). 



for some finite constant Cp > depending on p but independent of R, K{R), 5 and 
L. 

Conclusion of the proof. We are now ready to deduce the local relative compact- 
ness of the /a's. 

Combining the hjrpoelliptic estimate ( 3.42[ with the elliptic estimate 1 3.48 1, we 
easily deduce 



(3.49) 



^-'{^-x) 



CpiL' 



^-H^-x) 



^[k{r)) 

\K{R)J 



J^fx{x,v) 



< 



LP(rDx]RD) 



^fx 



w 



+ <^1I^a1Ilp ) + ^1I/a1Ilp' 



Cp 
L 



for some finite constant Cp > depending on p but independent of R, K{R), S and 
L. Therefore, recalling the decomposition | 3.33| , 



(3.50) 



r 



-('-(^)K4))-/^<"' 



< 



C, 



(l^ + i) 



^"(^-^)(^)^^^ 



LP(rDxRD) 



C„ 



LP 



+ '^1I^a1Ilp +V^1I/a 



I LP 



Hence, in virtue of the local relative compactness in velocity of the /a's and since 

limR^oo ^(^) = 00/ "we infer 

(3.51) 



lim sup sup 

R-foo AeA 



j^-Ui 



\v\ 



'^l R )^\K{R) 



l?l 



Tfx{x,v) 



LP(rDxRD) 

< Cp (lO + l) J sup llgAllo' + T^sup II/a 



AeA 



A6A 



AIIlP ' 



which, by the boundedness of the gj^'s, the arbitrariness oi S > and L > 1, and 
proposition 3.2 implies the relative compactness of the /a's in all variables, and 
thus concludes the proof of the theorem. D 
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Lemma 3.4. The Fourier multipliers 

nii{v,f]) =e ' ' Mx[ -^^ 
\ '^ \V\ 

/o rax / X i2K(R)sv-^ fK{R)v-ri 

(3.52) m^{v,r]) = e ^' ''''xM^tT 

belong to Mf ( RP ) ,for every 1 < p < oo. In particular, their multiplier norms satisfy 

||oti||a4,, <Cp(lo + i^ 
||?«9|Imp ^ Cp, 

for some finite constant Cp > depending on p but independent ofv, K{R), L and s. 



Notice that, in the above lemma, the Hormander-Mikhlin criterion 0.6\ is not 
satisfied by the multipliers. 

Proof. It is to be emphasized v e R^ is regarded as a fixed parameter here. Notice 
that, in virtue of the invariance of multiplier norms with respect to surjective affine 
transformations (see ||5l), which includes in particular rotations and dilations, we 
only have to consider the multipliers 

_ , , •2K{R)\v\''i fK{R)\v\ r]i 

\ '^ \V\ 

(3.54) m^{v,r]) =e ^ ^ ' 'I'/l;^; ' ^ ^i i /^ 



We treat now the multiplier m\ {v,rj) with an application of the multiplier the- 
orem |3.1| Thus, we are merely going to verify that it satisfies the Marcinkiewicz- 
Mikhlin criterion | |3.7) . To this end, we first notice that the pointwise boundedness 
of the multiplier is obvious. Next, we easily compute its first derivatives 

(3.55) rjjd,.m,iv,r^)=\Sy-j^\e ^ ^l ' |„| ^ |^^_^^ 

where Sj: denotes Kronecker's delta and cp{r) = r {i2Lx{r) + x'{^))> from which 
we also deduce the pointwise boundedness of t]jdf,.mi {v,i]) uniformly in K{R) and 
I c I . However, we emphasize that this bound is not uniform with respect to L since 
it is proportional to L + 1. Next, noticing that rjjdjiMi{v,rj) has a similar format 
as nil (^/ '/) with <p(r) instead of xi^) arid up to multiplication of the well-behaved 

function I 5\j — t-\2 I / ^^6 conclude that the Marcinkiewicz-Mikhlin criterion \?>.7\ 

is satisfied by mi{v,r]) with a bound that is independent of v and K{R) and is 
proportional to iP + 1. It follows that ( |3.4) holds for mi{v,r]). 
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As to the multiplier m^{v, rj), recalling that < s < 1, it is clear that the same 
reasoning holds true and thus, that \3A\ is verified for 7W3(c, rj). 

Finally, regarding mg{v,T]), we may simply rewrite it as wzg {v,ri) = ^p ' ' "'"' — 



where !/?(r) = 7 (1 — x) ('')■ Since ^{r) and all its derivatives are bounded point- 
wise, it is readily seen with a straightforward calculation that the Marcinkiewicz- 
Mikhlin condition | |3.7) is satisfied by rng{v,r]). We deduce that | |3.4| holds for 
ntg {v, t]), which concludes the proof of the lemma. D 

Lemma 3.5. The Fourier multipliers 



(3.56) 



m^in'^) = (1-^) 



R 



X 



KiR) 



K{R) 



s2, 



)2^W^(?r 



(3.57) 



belong to Mf ( MP x IRP j, /or every 1 < p < 00. In particular, their multiplier norms 
satisfy 

W^iWmp — ^v 

for some finite constant Cp > depending on p but independent ofR, K{R) and s. 

Proof. Notice that, in virtue of the rnvariance of multiplier norms with respect to 
surjective affine transformations (see fSj), which includes in particular the dila- 
tions, we only have to consider the multipliers 



mi{r],^) 
(3.58) m4(7,f) 



x){\v\)x 
x)M)x 
x){\v\)x 



^-A 


)■ 


^-^,;, 


\ ^1^ {^f2K{Ry+^Rt^-^ 


^-^1; 


) ?,', <^>"'-''- 



In particular, notice that on the support of m2{t], ^) and mji{r], £,) it holds 



(3.59) 



1^1 < 



? + s2 



\n\ 



s2 



< l+s2 <3. 



The multipliers m2{y],^) and 6 ^mi{rj,l,) are then treated with an application 
of the multiplier theorem 3.1 Indeed, one may check with straightforward cal- 



culations that the Marcrnkiewicz-Mikhlin criterion | |3.7) is satisfied, with bounds 
independent of 5. This concludes the proof of the lemma. D 

Lemma 3.6. The Fourier Multipliers 

md^) =x' 



(3.60) 



1^1 



KiR) 



1^1 
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belong to MP (rP x IRP ),/or every 1 < p < cx>. In particular, their multiplier norms 
satisfy 

(3-61) I I 

for some finite constant Cp > depending on p but independent ofR and K{R). 



Proof. Just as in the proof of the preceding lemma 3.5 by the invariance of multi- 
plier norms with respect to dilations, we only have to consider 

rn5{v) = i-^-x){\r]\)^^, 
(3.62) 

me{0=x'm)fy 

The boundedness of both multipliers, with norms independent of any parameter, 

easily follows from the facts that A arid t5t induce the Riesz transforms, which 

■^ \v\ \q 

are bounded over U\ and that X (l'?l) and x' (1^1) are smooth and compactly sup- 
ported. This concludes the proof. 

Notice that one could also have straightforwardly applied the multiplier theo- 
remlMl D 



Lemma 3.7. The Fourier multipliers 

„,„.a-.)(M)'^ 

(3.63) ^ ^ ^ '^' 



belong to MP ( RP x IRP 1 , for every 1 < p < oo. In particular, their multiplier norms 
satisfy 

(3.64) \MM>'<Cr, 

for some finite constant Cp > depending on p but independent ofR and K{R). 



Proof. Just as in the proof of lemmas 3.5 



and 3.6 by the invariance of multiplier 



norms with respect to dilations, we only have to consider 

(3.65) '" 

The boundedness of both multipliers, with norms independent of any parameter, 
follows then directly from an easy application of the multiplier theorem 3.1 which 
concludes the proof. D 
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4. Transfer of regularity 

Here, we show how our methods can be used to obtain results on the transfer 
of regularity in the spirit of Bouchut ||8l. We focus on the time independent kinetic 
transport equation, since it is more adapted to our strategy of proof, even though 
the results are not limited to that case. 

4.1. Transfer of regularity in L^. As in the treatment of the transfer of compact- 
ness, we first provide a demonstration in the much simpler and insightful L^ set- 
ting. 

We will employ the Sobolev spaces HJ (R° x ]R°) and H^, (R^ x R^) defined, 
for any r E IR, as the subspaces of tempered distributions endowed with the re- 
spective norms 



(4.1) 



and 



(4.2) 



ll/(^'^)llHi(RDxRD) = (1-Ax)2/(X,1^) 
1I/(^'^)1IhJ(RDxRD) = ||(l-Ai;)Z/(x,l^) 



L2(rDxRO) 
L2(rDxRD) 



L2(rDxRD) 



L2(RDxRD) 

Theorem 4.1. Let f{x,v) E HI (M^ x M^), where r>0,be such that 



(4.3) 



V ■ V4{x,v) = (1 - A;,) 2 (1 - A„)z g(x,z;). 



for some g{x,v) E L^ (]R° x R^) and a. > 0,0 < ^ <1. 
Then, f belongs to HJ (R^ x ]R°), where 



+ r + oi 



(4.4) ^ = (1 _ ^) _ 

and the following estimate holds 

(4.5) ll/llH?<C||/||H|; + C||g||,2, 

for some finite constant C > that only depends on fixed parameters. 
Proof. Notice first that the L^ norm of 



(4.6) 



J-^ 



{('/r<(g>'-}<'?>''-^-^(^''') 



is clearly bounded since / lies in H^. Thus, we merely have to estimate the L 
norm of 



(4.7) 



J-^1, 



in order to conclude. 

To this end, note first that clearly 



(4.8) 



J-H 



{(Vr>(f)^ and |^|<l} ('?)'' -^Z ^2 ^Cll/ll^r, 
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where C > only depends on fixed parameters. Furthermore, in virtue of the 
representation formula < |3.19^ , we obtain 



J^-H 



{(^r>(?)'-and|^|>l}('7>^-^/(^'^) 



(4.9) 



^~'''''"'\(,r>(i^tvY and |„|>1} {Vr^f{^,v) 



-jr-ljstv-tj-n 
-^ '^{{,ir>{i+st,jyand\,j\> 



where we set t = t {\r]\), for any ;/ 7^ 0, as being the unique solution to the identity 
In particular, it holds on {{ti)'^ > {^ + trj)' ] that 



(4.10) 

which implies 

(4.11) 



{i^)>{tv)-{^ + tn)>{ny, 



Atv- 



n 



{{nr>{i+tiY} ^'?>'' - ^^y 



Thus, we easily conclude, since M^ = U° , that 



(4.12) 



J^^'e'^'^n 



^{{riY>{i+ty]y and\,]\>\}'\V) ^f ^2-"-^"hS' 



which takes care of the first term in the right-hand side of the representation for- 
mula (|4!9|. 

As to the remaining expression in l |49) , we first notice, on the set {{rjY^ > {£, + stt])' ] , 
that it holds 

(4.13) {0<{stv) + {^ + stTi)<3{rjyK 

It follows that, utilizing relation ||4.4), 



(4.14) 



''''"'\i,r>is+st,y.nd\„\>i}{vrHv)i'{^r 



<3« 
Hence, since M^ = L°°, 

(4.15) 



1-? 



{{tiy>{s+stvy and\^\>i}^ii) ' 



<2%/2-3". 



'"f /«\^/;^\« 



{(v)->(?+st,,)^and|;7|>l}('?) ^m^l) ^S 



L2 



<2^/2■3«||g||,2. 



On the whole, combining estimates | |4.8[ , 14.12 1 and | 4.15[ l with the interpolation 
formula ||4.9b, we infer 



(4.16) 



|/||„j<||^-^l{(,).<(f).}('7>'^^/ 



L2 



+ 



J^-H 



\i,rH^'}^^y ^f ^,<^mui+c\\g\\L2, 



where C > only depends on fixed parameters, which concludes the proof of the 
theorem. D 
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4.2. Transfer of regularity in LP. We exten d now the result on the transfer of reg- 
ularity in L^ from the previous section |4.l| to the Lf setting, for any 1 < p < oo. 

We will employ the Sobolev spaces V\^'^ (R^ x M^) and W'/ (]R° x ]R°) de- 
fined, for any r G IR and 1 < p < oo, as the subspaces of tempered distributions 
endowed with the respective norms 



\\f{x,v) 



(4.17) 



and 



(4.18) 



Iw7(rDxRD) 



il-A,)^fix,v) 



LP(rDxRD) 
L('(rDxRD) 



ll/(^'^)l 



w;;'''(rDxRD) 



(l-A^)z/(x,z;) 



LP(ROxRD) 
LF(rDxRD) 



Theorem 4.2. Let f{x,v) e W^''' (iRf x R^), where r > and 1 < p < oo, tie smc/i 
that 



(4.19) 



z; ■ V;,/(x, z;) = (1 - A;,) 2 (1 - A„) 2 ^(x, i;). 



for some g{x,v) e LP (M^ x R°) and a > 0, < /3 < 1. 
T/zen, / belongs to W^'^ (]R° xW.^), where 



+ r + cc 



■C 



(4.20) C7 = (1 - /5) - 

and the following estimate holds 

(4-21) 11/11 w^''' ^ '^ll/llw;;'''"^^ iixiiLP' 

/or some finite constant C > f/iflf on/y depends on fixed parameters. 

Proof. Consider a fixed truncation x{^) G C^ (R), such that l||,,|<ji < x{^) ^ 
1||,,|<2|, say. We begin with the simple decomposition 

+ F-' [i-x)M){i-x) {{vr iO") {vY^Ff, 

where the Fourier multiplier m\{rj, ^) is defined by 



(4.22) 



(4.23) 



In virtue of lemma 4.3 below, mi belongs to NV for every 1 < p < oo so that 



(4.24) 



F-^mi{n,0{^yFf 



LP(rDxRD) 



<ll/l 



W;'P(RDxRO) 



and we merely have to estimate the LP norm of the last term in the above decom- 
position ||4.22[ in order to conclude. 



CONCENTRATIONS IN KINETIC TRANSPORT EQUATIONS AND HYPOELLIPTICITY 



23 



We introduce now, for any fixed velocity v G ]R and for a suitable parameter 
t = t [\t]\), a further decomposition of space frequencies into 



(4.25) 



Ri 



j// e R^ : t\v-r]\ <l\[j^f] eM^ : t\v-r]\>l\ . 



4.1 



we set t 



elliptic 
f (I ;; I ) as being the unique 



hypoelliptic 

Specifically just as in proof of theorem 
solution to {tr]) = 2{rj)' , for any rj ^ Q. Thus, on the first domain of the above 
splitting, we will be able to carry out our arguments using the hypoellipticity in 
space and velocity, while, on the second domain, we will prefer to use the elliptic 
properties in space of the transport operator, as seen in standard velocity aver- 
aging lemmas. As usual, the use of a smooth partition of the unity will be more 
appropriate than characteristic functions of the sets found in 1 4.25) . 
Hypoelliptic control. We first deal with the term stemming from the hypoelliptic 
part in the decomposition 1 4.25) . 

Thus, we use the representation formula ||3.19| with 



(4.26) v{x,v,l^,o = x{iv■v){^-x)M){^-x)[{nr {0''){vY , 

which may be recast, with this specific choice, as 



(4.27) 



J" '^m^{v,r])m^{-i],S,) Tg{x,v) ds, 



where the multipliers are defined, using relation | |4.20[ |, by 

m,{v,r^)=e^^^-'lx{tv-n){-^-x)M)i{n)^~' , 

m5{v,^) = {i-x){{vr{^+stvy){vy''{?r- 



(4.28) 



It is shown in lemmas |4.3| and 4.4 that the operators generated by the above 
Fourier multipliers are bounded with a uniform control on the norms. Therefore, 
we deduce from ( |4.27) that 



(4.29) 



j^-^x {tv ■ ^) (1 - X) M) (1 - X) {{vr (o^O ivrj^f 



Lf'(RDxRD) 



<c 11/ 



I w ."' 



Il^l 



LP 



for some finite constant C > depending only on fixed parameters. 

Elliptic control. Now, we treat the term stemming from the elliptic part in the 

decomposition 1 4.25) . 

We will show that the LP norm of 

(4.30) .F-i (1 - x) {tv .,^){l-x)i\r]\){l-x) {{vf i^r') {vY ^f 

enjoys a control similar to | |4.29) . The main idea is the same that was employed in 
the proof of theorem 2.1 to obtain the elliptic control, it consists in inverting the 
transport operator v ■ V^, w^hich is only possible because we have restricted the 
space frequencies to where c ■ ;; is not too small. 
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Thus, expressing v ■ ;^e'(^'7+^'?) = —irj ■ V^e'^^''"'""''), we obtain 

T-^ii-x)itvfj){i-x)i\f]\){i-x){{vr{^r'){ir:Ff = 

(4.31) ^yy [ [ 1- V<.e'(^'?+^?) — (1 - ;c) {t^ ■ V) 
{2k) J^° J^° ^-V 



Therefore, a mere integration by parts combined with the transport relation | |3.17| 
yields 



(4.32) 



T-' (1 - X) (tv ■//)(!- X) M) (1 - X) {{vY (?>"'■) {vT^f 

where the multipliers are defined by, using relation 1 4.20[ |, 

V-^ J ( l,.X<J ,^\-r\ /,.Nf{2,-+l) /;r\-(2r+l) 



(4.33) 



my{rj,^) = {l-x){{vr{0~''){^r"^{0\ 

1 1_!I 



It is shown in lemmas |4.3| and 4.4 that the operators generated by the above 



Fourier multipliers are bounded with a uniform control on the norms. Therefore, 

exploiting these bounds, we deduce from 1432} that 

(4.34) 

■ T-^ (1 - X) {tv ■ ^) (1 - X) M) (1 - X) {{nr (O^O i^r^f 



LP(]RDxRD^ 



<c 11/ 



\w; 



\g\\LP 



for some finite constant C > depending only on fixed parameters. 
Conclusion of the proof. We are now ready to deduce the sought regularity esti- 
mate on /. 

Thus, combining the h5^oelliptic estimate 1 4.29) with the elliptic estimate (434}, 
we easily deduce 



(4.35) 



:f-' (i-x) (kl) (1 - X) {{vr {^r) {^r:Ff{x,v) 

<c(\\f\\v,!.p + \\g\\u' 



LP[ROxW.o) 



for some finite constant C > depending only on fixed parameters. Therefore, 
recalling the decomposition ||4.22) and the estimate l|4.24), we infer 



(4.36) 



T-yrjrTfix,v) 



LP(rDxRD) 
which concludes the proof of the theorem. 



<c{\\f\U.p + \\ghpl 
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Lemma 4.3. The Fourier multipliers 

^^■^^^ m,{rj,^) = {l-x) {{vY{5 + st>iy) {VY'^^Y 

my{r^,^) = {i-x){{f]Y{?Y'){vY''{^Y 

belong to NF f R,^ x ]R^ V/or every 1 < p < oo. 

Proof. It turns out that the boundedness of each of the above multipliers follows 



from a direct application of the multiplier theorem 3.1 Indeed, one may check 
that the Marcinkiewicz-Mikhlrn criterion | |3.7) is verified in each case, and so we 
merely give now a few hints aimed at justifying the validity of the computations 
involved. 

First, the treatment of the first multiplier rrii {rj, I,) is completely straightforward 

once we notice that x{\v\){^ ~ x) ( {vY {0~^ ) i^ compactly supported, recalling 
that (1 — x) (j") is supported on {\r\ > 1}. 

Next, notice that on the support of m^{r], I,) it holds 

(4.38) (0 > {trj) -{^ + trj)>2 (;?) t - {rjY = {r]Y , 
hence {tj}'^ {^)^' < 1, while on the support of OT5()/,^) it holds 

(4.39) (0 < {tri) + (^ + t^) < 2 {i^) T + {fjY =5{VY, 

hence {>]) ^* (0" < 3'^, which clearly implies the pointwise boundedness of the 
multipliers. Their derivatives are treated similarly. 

As to wig iV'?)' i^^s boundedness follows from the facts that ^ and 4t induce 
the Riesz transforms, which are bounded over LP, and that it may be recast as 

m(,{f],^) = rj^^j^j]^(p (^{tjy {^)~'j, where <p{r) = x'(j')f^+^ is smooth and 

compactly supported. 

Finally, regarding mj [rj, f ), simply notice that it may be rewritten as niy {rj, ^) = 

(p i {rjY^ (?) ' 1, where (p(r) = (1 —x)i^y^^ is smooth, bounded and has bounded 
derivatives. 

This concludes the justification of the lemma. D 

Lemma 4.4. The Fourier multipliers 

m2{v,fj)=e''^-'^X{tv-v){'^-X){W, 

(4.40) "^4 (^, V) = e'^'^'-'x (tv ■ 7) (1 - X) {\V\) t ivY-' . 

m^{^,n) = ^— (1 - x) (t^ ■ »?) (1 - x) {\v\) t ('?> ' 
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belong to MP (]RP],/or every 1 < p < oo. In particular, their multiplier norms are 
independent of V. 



Notice that, in the above lemma, the Hormander-Mikhlin criterion ( |3.6) is not 
satisfied by the multipliers. 

Proof. It is to be emphasized v G IR'^ is regarded as a fixed parameter here. Notice 
that, in virtue of the invariance of multiplier norms with respect to surjective affine 
transformations (see |5|), which includes in particular rotations and dilations, we 
only have to consider the multipliers 

m2{v,n)=e'*\-'\^^^X{iMm){^-x){\ri\), 
(4.41) rn,{v,r^)=e^^'\^\n^x{t\v\m){-^-x){\yj\)i{v)'-", 

^8(^, ?/) = ^(i-x)(f|^l'?i)(i- a:) (l'/l)f ('?>''"• 



Then, noticing that 

(4.42) i(l'?l)l'/l = (4(7>''-l) 

is smooth and that (1 — A^) (l'?l) ^ (kl) ('?) '' is uniformly bounded, straightfor- 



1 

2- 1 \ 2 



ward calculations show that the Marcinkiewicz-Mikhlin criterion | |3.7^ is satisfied 
by each of the above multipliers, thereby showing their boundedness thanks to 
the multipier theorem |3.1| D 

5. About the L^ case 

5.1. Counterexamples to dispersion and mixing. 

• A first situation where there is equiintegrability with respect to v but not with 
respect to x for the solutions to the transport equation 

Vdxfe = djjge 

is the oscillating case (in any dimension) : 

where x is any nonnegative smooth function. In that case, we indeed have that 
both (ff-) and (ge) are uniformly bounded in L^, and that (/e) is equiintegrable 
with respect to v, but [f^) concentrates on x = 0. 

Note however that this example does not provide any obstruction to L^ averag- 
ing lemma since the moments converge strongly to : V<p e C^ (M), 

fe{x,v)cp{v)dv = x(^) j COS (^) (p{v)^ 

= -x(^) j sh\(-\q)'[v)dv^Q\nL^{WC). 

• The second counterexample to equiintegrability we would like to discuss is 
related to some spreading of mass at infinity (in dimension higher than 2). We 
indeed consider the solutions to the transport equation 

{v\^:c■^ + V2dx2)fn = ^-o^gl^n + dv2g2,n 



/. 
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defined by 

f„{x,v) = nx\rP-xi,—j ^[nvi,—j 

for some x S C^(JR^) arid some even function ip e C^(]R^), and 

n \ n J \ n J 

where Yy is the fxinction with compact support defined by (^v^ j (^i/ ^2) = VjXp{v-[,V2). 

Note however that this example does not yet provide any obstruction to L^ 
averaging lemma since the moments also converge strongly to : Vij? G C^(]R), 

/ f„{x,v)cp{v)dv = nx[n^xi,—j / ip (^nvi, —j (p{v)dv -> e Li\,^(]R^). 

5.2. The one-dimensional case. 

Although, there are counterexamples to dispersion, we are able in ID to prove 
the strong compactness of the moments for a kinetic equation of the following 
form 

vdxf + Fdyf = g for some g e L]^^ 

for some L°° force field F, provided that / is equirntegrable with respect to v. More 
precisely, we will establish the following 

Theorem 5.1. Let F e L'^{dx). Let {f\) and (gx) be bounded families ofL^ {dxdv) such 
that [fx) is locally equiintegrable with respect to v and 

^dxh + F^v/a = g\ ■ 
Then, for all cp e C~(]R), 

fx(p dv] is relatively strongly compact in Lj^^idx) . 

Proof. Without loss of generality, we can assume that /,\ is non negative (replacing 
/a by its absolute value if necessary). As usual, we will show that {f\) is locally 
equiintegrable with respect to x and v, then conclude using a suitable truncation 
together with standard LP averaging lemma. 

• The proof of equiintegrability with respect to x relies on the usual mixing 
formula 

(p{v)fx{x,v)dv = j (p{v)fx{x-tv,v)dv+ j j q){v){-d-o{Ffx)+g\){x-sv,v)dsdv, 

where (p G C^(]R). Since fx is equirntegrable with respect to v, we can assume 
without loss of generality that the support of cp is bounded away from zero. 

Then, in order to handle the first term, we use the dispersion estimate | |1.2[ 
which provides 

tfyi^ + vt) dv < 



r 



f3 ' 
from which we deduce that 

/ dxl^(x) / cp{v)fx{x — tv,v)dv = // cp{v)ty{{x + vt)fx{x,v)dvdx 
tends uniformly to as |A| ^- 0, for any fixed t > 0. 
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To deal with the second term, we use suitable integration by parts 

(p{v)djj{Ffx){x — sv,v)dsdv 

I di,q)[v)Ffx[x — sv,v)dsdv + / / cp{v)sdx{Ff^{x — sv,v))dsdv 
di,(p{v)Ffx{x — sv,v)dsdv — / / cp{v)-ds{Ff;ii{x — sv,v))dsdv 

I di,(p{v)Ffx{x — sv,v)dsdv + j j cp{v)-Ffx{x — sv,v)dsdv 

\ r s V 

— I cp[v)-FfAx — sv,v)dv 

.J ^ Jo 

from which we deduce that 

/ / (p{v)d-o{Ffx){x - sv,v)dsdv = 0{t)^i 

where the bound depends on the Lipschitz norm of cp as well as of the distance of 
its support to 0. 

We obtain directly a similar estimate for the last term 



/ (p{v)gx{x -sv,v)dsdv = 0{t)^i 



• The local equiintegrability of /a (with respect to all variables) is then obtained 
by a simple interpolation argument. 
Fix R > and let A be any borelian subset of the ball B(0, R) C R^. We define 



A= Ix eU : [l^{x,v)dv > \A\^^A 



We then have 
(5.1) 

lj^{x,v)fx{x,v)dxdv = / lj^{x,v)lj{{x)fx{x,v)dxdv+ / lj[{x,v){l—ly\{x))fx{x,v)dxdv. 



Because of the equiintegrability in v, the second term in the right-hand side of | |5.1[ 

tends to as \A\ -^ 0. 

Since f\ is nonnegative and 1^ is supported in the ball of radius R, we have 

lj^{x,v)lji{x)fxix,v)dxdv < / lji{x)cp{v)fx{x,v)dxdv 

for any nonnegative test function cp such that cp{v) = 1 if |z;| < R. In particular, 
the first term in the right-hand side of 15.1 1 tends to as \A\ -^ 0. 

• For the strong compactness of the moments, we then use the following de- 
composition 

where 7 E C^ (IR) is some smooth truncation such that 

y{x) = X if |x| < 1. 
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The first term fix is bounded in LP for any p E [1, oo] and satisfies 



^3x/l,A + Fdvfl,X = -^g\l' 



From Sobolev's embeddings, we deduce that the source term - which is bounded 
in L - can be written in the form 

{1 - A.ni - A,rh^,x 

with s < 2 and (/!a,a) bounded in some LP{dxdv) for p > 1 uniformly in A. 

Theorem 1.2 then implies that the moments of /i a are strongly compact in L : 
for any (p £ C~(]R), any A > and each compact K C IR, 



j h,x{x+y,v)(p{v)dv - J fi^x{x,v)cp{v)dv 



Ll(K) 



^ Oas |i/| ^> 



uniformly in A. 

The second term /2 a can be made small by choosing A sufficiently large. In 
particular, for any (p £ C~ (M) and each K C IR 



f2,A{x,v)cp{v)dv 



^ as A ^> . 



L^{K) 



Combining both results, we get the expected strong compactness. 



D 



A challenging open question is to determine whether or not this result can be 
extended in the multidimensional case. 
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